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LETTER TO THE EDITOR

Exact solutions of a class of nonlinear boundary value
problems with moving boundaries

R M Cherniha and N D Cherniha

Department of Applied Research, Institute of Mathematlcs 3, Tereshchenkivs'ka Street,
Kyiv 4, Ukraine

Received 19 March 1993, in final form 21 June 1993, .

Processes of melting and evaporation of metals in the case that their surface is exposed
to a powerful flux of energy, are known to be described by a nonlinear boundary value
problem [1, 2]:
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where T,,, T,, T, are the temperatures of melting and evaporation, and the original
temperature, respectively; A, are thermal conductivities; H,,, H,, Cy are specific heat
values per unit volume; g is the energy flux being absorbed by the metal; S, are the
phase division boundary coordinates to be found; vy are the phase division boundary
velocities to be found; Ty are the temperature fields to be found; indices s and |
corresponding to solid and liquid phases, respectively.

In a quasistationary approxation in the linear case the problem of (1)—(4) is solved
in [3]. In the case when Cy(Tx) or A;x(T) are linear functions, this problem has been
solved in [2]. In this report a method for construction of the exact solutions of the
problem in the case of arbitrary, sufficiently smooth functions of 1, Cx, K=5.1, is
suggested, the illustrations for some specific nonlinearities being given.
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It is known that after a short transient of melting and evaporation there occurs a
quasistationary phase for which the relations for velocities are p, =, = v =constant
and for the melt thickness S;— S, = & = constant. This enables us to use in the problem
(1)—(4) 2 méving coordinate system attached to the evaporation front according to the
law &£=x — vr, hence the functions to be found have the form Tk (7, x} = Tx(£). Thus,
the initial problem is reduced to the boundary value problem for the following
ordinary differential equations
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The nonlinear equations (5) at Cx(Tx} = 0 are well known to be linearized, even in
the multidimensional case, by the substitution W= fAx(Tx)dT,. This substitution
can apparently be generalized as well to the case Cx(Tx)%0 by introducing a new
independent variable 5
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where Wg! are inverse functions to Wi(Tx), K=s,1, and the lower bounds of
integration for convenience are chosen to fit W(7,)=0, W(T,)=0, &, ,=0,
Elymgr = 0.

’ Since the values Cy(Tx), Ax(Tx) according to their physical meaning are con-
tinuous and positive, there are strictly monotonic increasing functions zx and &
(depending on Ty and 7, respectively) on the rHs of (9) and (10).

Hence there exist inverse functions to W in the intervals shown. Homeomorphisms
between the functions and variables z.(%), z(%), # and T(&), Ti(§), &, respectively,
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can thus be established. Having substituted variables of (9) and (10) into the equations
and boundary conditions (5)-(8), after simple-transformation, a linear problem is
obtained:
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where zx(v), v, 6* are unknown functions and constants.
After the problem of equations (11)—(14) has been solved, we obtain
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Thus, to obtain the solution of the nonlinear boundary value problem (5)-(8) one
should only substitute the expressions (15)—(18) into (9) and (10). Then an implicit
solution of the problem (5)—(8), and, consequently, the solution of the original
nonlinear problem (1)—(4) in a quasistationary approximation, is obtained. To obtain
the expressions for the functions Tx(&) = Tx(x— v7) in an explicit form one should,
possessing specific functions Ag, Cg, K=s,1, solve for the functional relations with
respect to T and &. Particularly, in the case of constant values A, C the results of [3]
can be easily obtained.

Note 1. For the velocity v, (17) gives the value in an explicit form, since T%,, T are
determined from (12) and (13).
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Below we state the results yielded by the substitutions of (9) and (10) in some
specific cases of temperature dependence exhibited by ¢ and Cy, K=s, 1.

Case I. T A, (T) =2k, Cx(Tx)=cx+dxT, Ag, Cx, dxe R, then
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where
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Note 2. In the case ¢,=0 equations (18)—(21) coincide with the corresponding
formulae from [2] (in the latter the conditon ¢, =0 having been accidentaly omitted).

Case 2. If .J-K(TK)=AK, CK(TK)=CGKTK, ;»x, Ax € Rl, K=S, I, then
1 e“sTO
T,= To—aln[l -(1~—e‘“=(Tm‘T°))exp[—01—(5—6)]] (22)
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where
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Case 3. If AK::aK'i‘bKT?(, CK(TK)'—"CK; K=S, I, i, bK’ Cp& R! then
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the function y(&) being a solution of the transcendental equations
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By expanding the Lus of (27) and (28) into a Taylor series in the vicinity of # =6* and
by considering only powers of 7 less than 3, the explicit form of #(£) in the vicinity of
E=94 is easily obtained. The expressions obtained are omitted as being too cumber-
some.

Case 4. X L(T) =0T, c{T) = e T, A €k, 0, B R, then
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where it is assumed that
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Concluding, we should note that the procedure of returning from the solution of
the initial problem in an implicit form of (15)-(18) to the solution in the explicit form
can be realized also for C(Tw) =c.T%', ALT)=24,T% nonlinearities, where 1,, c,,
B € R, The suggested linearization method of the boundary value problem equations
(1)—(4) holds also if a more complicated condition [4] holds instead of the condition at
the evaporation front, 7;,=T..

The authors are much obliged to Dr J Azhnyuk for advice in writing this letter.
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